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Abstract 
The static and dynamic stability of a pinned-pinned asymmetric tapered sandwich beam with viscoelastic core resting on a 
variable Pasternak foundation under the action of a pulsating axial load and a steady, one-dimensional temperature gradient is 
studied. A set of Hill’s equations are obtained by using the Hamilton’s principle and general Galerkin’s method. The zones of 
instability are obtained by using Saito-Otomi conditions. The effects of taper parameter, shear parameter, thermal gradient, 
geometric parameter, core-loss factor and core-density parameter on static buckling loads and principal regions of instability are 
investigated. 
© 2016 The Authors. Published by Elsevier Ltd. 
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1. Introduction 
The use of tapered sandwich beams has attained great importance in engineering, for instance in the aerospace 
applications. Also the effect of temperature is a vital aspect, as in high speed atmospheric flights and nuclear 
engineering applications certain parts have to operate under elevated temperatures and for most of the engineering 
materials it has a linear relationship with Young’s modulus. Mead and Markus [1] studied the stability of a three-
layer damped sandwich beam with arbitrary boundary conditions. Kar and Sujata [2]studied the parametric 
instability of a Timoshenko beam with thermal gradient resting on a variable Pasternak foundation. The same 
authors studied the stability of a non-uniform beam with thermal gradient resting on a Pasternak foundation [3]. 
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Again the same authors investigated the dynamic stability of a tapered symmetric sandwich beam for clamped –free 
boundary condition [4]. Rao and Stuhler [5] obtained the frequency and loss factors of a tapered sandwich beam for 
simply supported and clamed-free end conditions. Ko[6] investigated the flexural behavior of a rotating three-layer 
tapered sandwich beam with metallic core under uniformly or linearly distributed load. Cortinez [7] studied the 
vibration and buckling of a non-uniform beam which is elastically restrained against rotation at one end and with 
concentrated mass at other end. Bauld[8] determined the regions of instability of a simply-supported sandwich 
column subjected to a pulsating compressive load. Nayak et al. [9] studied the static stability of a viscoelastically 
supported asymmetric sandwich beam with thermal gradient. Ahuja and Duffield [10] presented experimental and 
theoretical results on the effects of taper and foundation elasticity on the dynamic stability of a simply supported 
beam. Datta and Chakraborty [11] studied the stability of a simply supported, tapered bar under parametric 
excitation using the finite element method. Tomar and Jain [12] studied the effect of thermal gradient on the 
frequencies of rotating beams with and without [13] pre-twist.  
 Although some studies have been carried out on the stability analysis of sandwich beams, as well as on the effect 
of temperature gradient on the frequencies of vibration of beams, but no work exists concerning the effects of 
thermal gradient on the stability of an asymmetric tapered sandwich beam. Thus, the purpose of this paper is to 
investigate the static and dynamic stability of a pinned-pinned asymmetric tapered sandwich beam under the action 
of a pulsating axial load subjected to thermal gradient. The effects of the various geometric and material parameters 
of the system on the static buckling loads and the principal regions of instability are studied and the results are 
presented graphically. 
 
Nomenclature 
1 2 3iI ( i , , ) Second moments of area of cross section about a  i.xU  i xU Uw w  
      relevant axis, i = 1 for top layer    G  Thermal gradient parameter 
B       Width of beam      0:  Reference temperature 
c       h1 + 2h2 + h3      t  Time 
Ei (i =1,2,3) Young’s Module, i = 1 for top layer   Y  Geometric Parameter 
2G         In-phase shear modulus of the viscoelastic core  w  w l  
2
*G       2 1G ( j )K complex shear modulus of core  x  x l  
g*      1g( j )K  complex shear parameter   iU  Density of ith layer 
 E [       Variation of modulus of elasticity of beam  m Mass per unit length 
1P       Non dimensional amplitude for the dynamic loading K  Core-loss factor 
J       Coefficient of thermal expansion of beam material  g  Shear Parameter   
Z       Frequency of forcing function      T [  Distribution of elasticity module 
2. Formulation of Problem 
Figure 1 shows a tapered asymmetric pinned-pinned sandwich beam of length l  subjected to a pulsating axial 
force    0 1P t P P cos tZ  acting along its undeformed axis at one end, 0P  and 1P being respectively the static and 
dynamic load amplitudes. The top layer is made of an elastic material with thickness  1 02h  at one end and  12 lh at 
the other with Young’s modulus 1E .The bottom layer is also made of an elastic material with Young’s modulus 
3E with thickness of  3 02h and  32 lh at the ends. The core is made of viscoelastic material with complex shear 
modulus  2 2 1*G G jK  and having thickness  2 02h and  22 lh at the ends.  
910   M. Pradhan et al. /  Procedia Engineering  144 ( 2016 )  908 – 916 
 
Fig 1. System Configuration 
The following assumptions are made for obtaining the equations of motion. 
1. The layers are perfectly bonded so that displacements are continuous across the interfaces.  
2. The deflection of the beam is small and the transverse deflection  w x,t is the same for all points of a 
cross-section. 
3. Damping in the weak viscoelastic core is predominately due to shear and does not carry appreciable axial 
force, so bending and extensional effects in the core are negligible.  
4. The elastic layers obey Euler-Bernoulli beam theory. 
5. Longitudinal and rotary inertia effects are negligible. 
6. A steady one-dimensional temperature gradient is assumed to exist along the length of the beam. 
7. The expressions for potential energy, kinetic energy and work done are as follows: 
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Where 1U  and 3U  are the axial displacement in the top and bottom layer and 2J  is the shear strain in the 
middle layer given by, 
,1 3
2
2 22 2
xcwu u
h h
J   . 3U  is eliminated using the Kerwin’s assumption [15]. The application 
of the extended Hamilton’s principle,  2
1
0
t
p
t
T V W dtG    ³ , leads to the following non-dimensional equations of 
motion. 
       ^ `1 0*x x xx xx xttm w, Pw, , Dw, , g Y B U w,           (1) 
 1 1 0* *x x xg YB w, Y KU , , g YB U           (2) 
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The various section dependent parameters are 
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In the above 1D  and 3D are the taper parameters.              1 1 1 1 3 3 3 30 0 0 0l lh h h , h h hD D     
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In the above E is the core thickness parameter 1P and 2P are the core density parameters and  1 0I is the moment of 
inertia of the left end of the top layer,  1 0A is the cross sectional area of the top layer at the same end. 
The associated boundary conditions are 
 ^ `  1 1 10
2 0
0xx
E I
D w,
l
ª º« »  « »¬ ¼
or 
1
0
0xw,          (7)
  
 ^ `1 1 10
2 0
0x
E I
YKU ,
l
ª º« »  « »¬ ¼
 or 
1
0
0U          (8) 
 ^ `        121 1 10 0 0xx x x xE I l Dw, , gYB w, U P w,ª º     ¬ ¼
 
or 
1
0
0w      (9) 
The assumed series of solutions are 
   
1
i N
i i
i
w w x f t
 
 
 ¦           (10)
   
   
1
i N
i i
i
U U x t< 
 
 ¦ (10)          (11) 
 
w,U being the co-ordinate functions and if , i< are the generalized coordinates.  
   i i i iw x ,U x Should satisfy as many of the boundary conditions as possible [16].The shape functions for the 
pinned-pinned case are as follows 
 
   iw x Sin i xS           (12)
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iU x Cos i xS           (13) 
 
Substituting equation (10) and (11) in (1) and (2) and use of the general Galerkin method leads to the following  
matrix equation of motion. 
 
> @^ ` > @^ ` > @^ `  > @^ ` ^ `11 12ttM f , K f K P t H f< I          (14) > @ ^ ` > @^ ` ^ `12 22TK f K < I           (15) 
The various matrix elements are given by 
1
0
ij i jM mw w dx ³
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0
*
ij i xx j xx i x j xK D w , w , g YB w , w , dx ³
 
 112 1
0
*
ij i x jK g YB w , U dx ³
 
   122 1
0
*
ij i x j x i jK YK U , U , g YB U U dxª º ¬ ¼³
 
   1
0
ij i x j xH w , w , dx ³
 2
2tt
d f
f ,
dt
 
 
^ ` ^ `1 2 Tnf f , f ,.................., f 
  
^ ` ^ `1 2 Tn, ,................,< < < < 
 
The equations (14) and (15) further simplified to 
 
> @^ ` > @^ ` > @^ ` ^ `2ttM f , K f Cos t H fZ I           (16) 
 
Where 
> @ ^ ` > @> @ > @ > @111 12 22 12 0TK K K K K P H      1 2P  
3.1. Static Buckling Load 
Substitution of 1 0P  and , 0ttf  in equation (16) leads to Eigen value problem > @ > @^ `  ^ `1 01j jK H f P f  .The 
static buckling load  0 critP  for first few modes are obtained as real parts of the reciprocals of the eigen values 
of > @ > @1K H . 
3.2. Regions of instability 
For the present analysis if 1  and if ^ `Q is a modal matrix corresponding to > @^ ` > @^ ` ^ `ttM f , K f I  , then 
use of a linear transformation ^ ` > @^ `f Q V , where ^ `V  is a new set of generalized co-ordinates leads to the 
following Hill’s Equation with complex coefficients. 
 2
1
2 0
N
* *
q q q qr r
r
V V Cos t b VZ Z
 
    ¦         (17) 
1 2q , ,.......,N Where  2*qZ  are distinct complex eigen values of > @ > @1M K  and *qrb  are the elements of the 
complex matrix > @B , 
Where > @ > @ > @ > @> @1 1B Q M H Q    
Also 
2
2
q
q
d V
V
dt
 , *qr qr ,R qr ,Ib b jb   and *q q,R q,IjZ Z Z   
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The boundaries of regions of instability of simple and combination resonance are obtained using the following 
condition by Saito and Otomi [14]. 
3.2.1. Case (A) Main Resonance 
In this case, the regions of instability are given by 
 2 21 1 2
2
1
16
2 4
,R ,
' R ,t
,R
P b bPP PP
P P
P
Z Z ZZ
§ ·¨ ¸  ¨ ¸¨ ¸© ¹
, when damping is present and    (18) 
11
2 4
,R
' R
,R
PbPP
P
P
Z Z Z   , for the un-damped case, 1 2, ,......N.P       (19) 
3.2.2. Case (B) Combination Resonance of Sum Type 
This type of resonance occurs when v,P z  
1 2,v , ,......,NP  and the regions of instability are given by 
   211 16
2 2 8
,I v,I
,R v,R v,R v ,R v ,I v,I ,I v,I
,R v,R,I v,I
P
b b b b
P
P P P P P P
PP
Z ZZ Z Z Z ZZ ZZ Z
§ · ¨ ¸    ¨ ¸© ¹
, for damped case     (20) 
  11
2 2 4
v,R v ,R
,R v,R
,R v,R
b bP P P
P
P
Z Z Z Z Z   , for un-damped case      (21) 
3.2.3. Case (C) combination resonance of the difference type 
This type of resonance occurs when  1 2v, ,v , ,..............NP P   and the regions of instability are given by 
   211 16
2 2 8
,I v,I
v,R ,R v,R v ,R v,I v ,I v,I
,R v,R,I v,I
P
b b b b
P
P P P P P P
PP
Z ZZ Z Z Z ZZ ZZ Z
      , for damped case (22) 
  11
2 2 4
v,R v ,R
v,R ,R
,R ,R
b bP P P
P
P P
Z Z Z Z Z
    , for the un-damped case     (23) 
4. Numerical Results and Discussion 
Numerical results were obtained for various values of the parameters like taper parameter, geometric parameter, 
thermal gradient, shear parameter and the core-density parameter. For relevant values of the parameters removing 
the Pasternak foundation, considering the thickness of top and bottom layer equal and taking thermal gradient to be 
zero, the equation of motion reduces to that of Kar and Sujata [4]. This validates the code developed in the present 
work using MATLAB. Along with the above considerations and choosing the shape function for fixed-free end 
condition the results were compared with Kar and Sujata [4] and good agreement was observed. 
In the following, the values of the various parameters used, unless stated otherwise, are as follows 
0 1 2 1 2 1 20 5 0 1 0 05 0 5 0 5 0 25 0 01 1 0 1P . , . , . , . , . , . ,g . , , .K P P D D G G          
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      Fig 2. Variation of  0 critP with 1D         Fig 3. Variation of  0 critP withY  
Figure 2 shows the effect of the taper parameter  1D on the non-dimensional static buckling load for the first 
three modes. The buckling loads are seen to decrease with a rise in taper parameter for all the three modes. The 
variation of static buckling load with the geometric parameter  Y is shown in the Figure 3. The static buckling loads 
increase at constant parameter for all the three modes. 
 
  Fig 4. Variation of  0 critP versus 1P     Fig 5: Variation of  0 critP versus g  
The static buckling load is almost independent of the core-loss factor for all three modes, which is obvious. So 
the figure is not shown here. Figure 4 shows the effect of core density parameter  1P on the static buckling loads. 
The buckling loads of all the modes are almost independent of the core density parameters. The effect of shear 
parameter  g on the static buckling loads is shown in the Figure 5. The buckling loads of all the modes are increases 
with the increase of shear parameter. 
   
   Fig 6: Variation of  0 critP versus  2G       Fig 7: Variation of  0 critP versus 1G   
The effects of thermal gradient  G on the static buckling loads are shown in Figure 6 and 7. Increase of thermal 
gradient 2G increase the static buckling loads for all modes and the variation is non-linear in nature. But increase of 
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the thermal gradient 1G , reduces the static buckling loads for all the modes and variation is linear.  
Figure 8 reveals that increase in the value of taper parameter  3D worsen the stability by increasing the area of 
the zones and shifting them towards lower frequency region. The effect of taper parameter  1D is same as that 
of  3D , so the graph is not shown here. 
 
  
Fig 8: Effect of 3D on the Instability zones 
As shown in Figure 9, with an increase in the value of geometric parameter  Y , the instability zones moves 
upward and shift towards higher frequency region, hence improving the system stability. Figure 10 depicts the effect 
of the shear parameter  g on the instability zones. A shift towards upward and higher frequency regions are 
observed with increase of g , hence it has a stability effect. 
 
Fig 9: Effect of Y on the Instability zones     Fig 10: Effect of g on the Instability zones 
 
 Fig 11: Effect of K on the Instability zones    Fig 12: Effect of 2G  on the Instability zones 
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As shown in the figure 11, the increase in the value of core-loss factor  K , pulled the instability regions upward 
and reduce their areas, hence improves the stability. Figure 12 addresses the effect of thermal gradient 2G  on the 
parametric instability of the system. An increase in thermal gradient 2G  improves the stability by shifting the zones 
towards right and reducing areas. 
5. Conclusion 
In this paper, a computational analysis of the static and dynamic stability of an asymmetric tapered sandwich 
beam with visco-elastic core subjected to thermal gradient is investigated under P-P end condition. The zones of 
instability have been obtained by using Saito-Otomi’s condition which is a computational method. The 
programming has been developed by using MATLAB. 
The results reveal that rise in shear parameter, geometric parameter, thermal gradient  2G , increase the static 
buckling loads, increase in the value of taper parameters, thermal gradients  1G reverse effect and the static buckling 
load is almost independent of core-loss factor  K and core-density parameter  1P . Increase in the value of taper 
parameter  1 3,D D , thermal gradient  1G , worsens the dynamic stability of the system, whereas increase in the value 
of geometric parameter  Y , shear parameter  g , core-loss factor  K and thermal gradient  2G improves the 
dynamic stability of the system. 
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